Abstract. It is shown that a morphism of quivers having a certain path lifting property has a decomposition that mimics the decomposition of maps of topological spaces into homotopy equivalences composed with fibrations. Such a decomposition enables one to describe the right adjoint of the restriction of the representation functor along a morphism of quivers having this path lifting property. These right adjoint functors are used to construct injective representations of quivers. As an application, the injective representations of the cyclic quivers are classified when the base ring is left noetherian. In particular, the indecomposable injective representations are described in terms of the injective indecomposable R-modules and the injective indecomposable R[x, x −1 ]-modules.
Let Q be a quiver and R a ring. In this paper, we shall study the category (Q, R-Mod) of representations of Q by left R-modules. As in the work of Riedtmann [7] and Bongartz and Gabriel [1] , we will be interested in representations induced by morphisms of quivers. More precisely, we shall refine an argument of Jensen [4] to construct, using adjoint pairs of functors, injective objects of (Q, R-Mod) with specific features. Our first result is reminiscent of the decomposition theorem [8, Theorem II.8.9 ] for maps of topological spaces which asserts that every continuous function is a homotopy equivalence composed with a fibration. It relates the following two properties of quiver morphisms:
• A morphism f : Q → Q of quivers is said to have the (right) unique path lifting property if for every vertex v of Q and path p of Q such that t(p ) = f (v), there is at most one path p of Q such that f (p) = p and t(p) = v.
• A morphism f : Q → Q of quivers is said to be a (right) covering if for every vertex v of Q and path p of Q such that t(p ) = f (v), there is a unique path p of Q such that f (p) = p and t(p) = v.
To state this result recall that a quiver T is called a tree if there exists a vertex v of T, called the terminal vertex of T, with the property that for every vertex w of T, there exists a unique path from w to v. An inclusion Q ⊂ W of quivers is said to be a forest over Q if W is gotten by amalgamating to Q some set of trees along their terminal vertices.
Theorem 2.1 A morphism f : Q → Q of quivers has the unique path lifting property if and only if there is a forest W over Q and an extensionf : W → Q of f which is a covering morphism.
If R is a ring and f : Q → Q is a morphism of quivers, then a restriction functor f * : (Q , R-Mod) → (Q, R-Mod) is induced on the respective categories of R-representations.
Because this functor is exact, its right adjoint f * : (Q, R-Mod) → (Q , R-Mod) preserves injective objects. Our main result (Theorem 4.1) uses the decomposition theorem above to explicitly describe the right adjoint f * for a morphism f : Q → Q with the unique path lifting property. Let Q be the cyclic quiverÃ n with n + 1 vertices v 0 , . . . , v n and n + 1 arrows a i : v i → v i+1 for 0 ≤ i < n and a n : v n → v 0 . When the ring R is left noetherian, our methods suffice to give a complete description of the injective representations of Q over R. To state the result we need the following notation: Given a left R[x]-module R[x] M and an arrow a ofÃ n , denote by F a (M) the representation of that assigns to every vertex the restricted R-module R M and where
Theorem 6.5 Let R be a left noetherian ring. Every injective representation ofÃ n over R has a decomposition, unique up to isomorphism, of the form
where each E a is an injective left R-module andĒ is an injective left R[x, x −1 ]-module.
In the final section, a torsion theory is developed for the representations of a cyclic quiver A n over a ring R. According to this theory, the last summand of the typical injective representation displayed in Theorem 6.5 is torsion free, while the first n + 1 summands are torsion. Theorem 6.5 also allows us to list (Theorem 6.6) completely and without repetition the indecomposable injective representations ofÃ n over R as follows:
Torsion Given an indecomposable injective left R-module E and an arrow a ofÃ n , the representation F a (E[x −1 ]) is an indecomposable injective.
Torsion free Given an indecomposable injective left
This says that the spectrum of (Ã n , R-Mod) consists of n + 1 copies of the left spectrum of R and one copy of the left spectrum of R[x, x −1 ].
Preliminaries
By a quiver Q we mean a directed graph. The directed edges are called arrows. We let a: v 1 → v 2 indicate that a is an arrow from the vertex v 1 to the vertex v 2 . In this case we also write i(a) = v 1 and t(a) = v 2 . By a path p of Q we mean a sequence a n · · · a 2 a 1 of arrows such that i(a 2 ) = t(a 1 ), . . . , i(a n ) = t(a n−1 ). We then write i(p) = i(a 1 ) and t(p) = t(a n ). If p and q are paths of Q such that i(q) = t(p), we say qp is defined and let qp denote the obvious path. We extend the definition of a path and allow any vertex v of Q to be a (trivial) path with 
if i(q) = t(p).
A morphism f : Q → Q of quivers is usually defined to be a map of the respective sets of vertices and arrows such that a :
. We deviate slightly from this standard by allowing f (a) to be the vertex f (v) if a: v → v. For p a path of Q, we extend the notation and define f (p) so that f is a functor between categories. Hence if p :
is a discrete quiver for each vertex v of Q , then f (a) must be an arrow of Q for each arrow a of Q. If f : Q → Q is a morphism of quivers, P( f ): P(Q) → P(Q ) will denote the obvious morphism of the associated path quivers. For any quiver Q there is a unique morphism i : P(Q) → Q which maps any vertex p of P(Q), i.e., any path p of Q, to i(p) and which maps the arrow (pa, p) to a. Proof Iff : W → Q is such an extension, then f =f • e where e : Q ⊂ W is the embedding morphism. Since both e andf have the unique path lifting property, so does f . Now suppose f : Q → Q has the unique path lifting property. For each vertex v of Q, consider the unique subtree T v of P(Q ) whose vertices are the trivial paths f (v) and the paths of the form a p where a is an arrow of Q such that t(a ) = f (v) and such that there is no arrow a of Q with t(a) = v and f (a) = a . We will say such a path a p is a path that we cannot begin lifting to a path terminating at v. We amalgamate each T v with Q by identifying v ∈ Q with f (v) ∈ T v . Let W be the resulting forest over Q andf : W → Q the unique morphism such thatf |Q = f and such thatf |T v agrees with i :
Factoring Morphisms of Quivers
there is no problem with compatibility. Next we verify that the extension f : W → Q is a covering. It is enough to prove that for every vertex x ∈ W , the morphism of trees
is an isomorphism. But a morphism of trees is an isomorphism if it is a bijection on the vertices. Suppose first that x ∈ T v \ {v} for some vertex v ∈ Q. Then x = p where p is a path in Q terminating at f (v) which cannot begin to be lifted to a path terminating at v. We have thatf (x) = i(p ). Now it is clear that the paths in Q terminating at i(p ) are in bijective correspondence with paths of W , that is of T v , terminating at p . In fact the bijection is given by q → (p q , p ). Now consider the case x = v ∈ Q. A path p in W which terminates at v may be factored p = p 1 p 2 where p 1 is the maximal end segment of p still in Q. Since W is a forest over Q, p 2 is a path in T i(p 1 ) and so is of the form q 1 , f i(p 1 ) where q 1 is a path of Q terminating at f i(p 1 ) which cannot begin to be lifted to a path terminating at i(
Let s be a path in Q terminating at f (v). Factor s = s 1 s 2 where s 1 is the maximal end segment of s which lifts to a path p 1 terminating at v, s 1 = f (p 1 ). By maximality, s 2 cannot begin to be lifted to a path terminating at i(p 1 ). Thus
above is the unique lifting of s to a path terminating at v. So let q be another such lifting. We havef (q) = s and t(q) = v. Write q = q 1 q 2 , f i(q 1 ) where q 1 is a maximal end segment still in Q and q 2 is a path in Q terminating at f i(q 1 ) which cannot begin to be lifted to a path terminating at i(q 1 ). Now s =f (q) = f (q 1 )q 2 = s 1 s 2 . By the definition of s 1 , f (q 1 ) is an end segment of s 1 = f (p 1 ) and by the unique path lifting property of f , q 1 is an end segment of p 1 . Now q 2 cannot begin to be lifted so it must be that f (q 1 ) = s 1 and q 2 = s 2 . But then q 1 = p 1 and so we are done.
Representation of Quivers
Let Q be a quiver and R a ring. Let R-Mod denote the category of left R-modules. By a representation X of Q over R we mean a functor X : Q → R-Mod. A representation X is specified by giving a module X(v) for each vertex v of Q and a linear map X(a):
is commutative. The representations of Q over R then form a category denoted (Q, R-Mod). Clearly (Q, R-Mod) is an abelian category. If Q is a quiver with a finite number of vertices, then the path ring RQ has an identity 1 = v 1 + · · · + v n where v 1 , . . . , v n are the distinct vertices of Q. The categories (Q, R-Mod) and RQ-Mod are in that case equivalent. In fact, if M is a left RQ-module, construct a representation X so that X(v) = vM for any vertex v and for any arrow a :
This construction gives an equivalence. Let f : Q → Q be a morphism of quivers. Associated to the morphism f is the restriction functor f
Recall that if f : Q → Q and g : Q → Q are quiver morphisms and if f * and g * have right adjoints f * and g * , then the right adjoint of f
We will use this observation to describe the right-adjoint of f * for a morphism f : Q → Q having the unique path lifting property. Using Theorem 2.1 and its notation, we only need find the right adjoints of g * for g : Q ⊂ W where W is a forest over Q and of (f ) * wheref : W → Q is a covering morphism.
Example 3.1 Let Q be a quiver and c : Q → {v} the unique morphism from a quiver Q to the trivial discrete quiver {v}. Then ({v}, R-Mod) ∼ = R-Mod, so we identify these categories. The restriction functor for any representation X of T. But by the above, the right adjoint e * of e * is then the restriction functor c * along c : T → {v}. We admit this is easy to see directly. This proposition implies that if X is a representation of Q over R and T is one of the trees of W amalgamated to Q along its terminal vertex v, then e * (X) restricted to T is the constant representation associated with the module X(v).
Now let
W be a forest over Q and let e : Q ⊂ W be the inclusion morphism. Considering e as a functor, we see that its left adjoint d : W → Q is the retraction of e, i.e., d•e = 1 Q , that collapses each amalgamated tree to its terminal vertex. The next proposition then follows from [9, p. 112, Exercise 29].
The Right Adjoint
In order to facilitate the proof of the next theorem we recall the notion of a coordinate-wise function: Let (X i ) i∈I and (Y j ) j∈ J be indexed families of sets. A function 
commute for every j ∈ J, then, thinking of X and Y as trivial cartesian products, the diagram
Let f : Q → Q be a covering morphism of quivers. For a ring R, define a functor
as follows (we shall verify presently that this is the adjoint of the restriction functor f * ): Let X ∈ (Q, R-Mod).
X(v).
If v is not in the image of f , this means that f * (X)(v ) = 0.
Arrows If a : v → w is an arrow of Q , let f * (X)(a ):
X(w)
be the coordinate-wise function f (w)=w h c(w) where
is defined by the rule w → i(a) where f (a) = a and t(a) = w, and h c(w) : X i(a) → X(w) is just X(a). In short, f * (X)(a ) := f (a)=a X(a).

Theorem 4.1 Let f : Q → Q be a covering morphism of quivers. The right adjoint of the restriction functor f * (with respect to representations over a ring R) is the functor f * defined above.
Proof Given representations X of Q and Y of Q we need to exhibit a natural isomorphism
Let v ∈ Q be a vertex. We have
, f * (X)(v ) thought of as the product above. We will verify that this is a morphism of representations. Inversely, if τ :
We will also verify that this also gives a morphism of representations. Since the operations σ →σ and τ →τ are mutual inverses, we then will get the desired natural isomorphism. Let σ : Y → f * (X) be a morphism and let a 0 : v 0 → w 0 be an arrow in Q. If a = f (a 0 ), v = f (v 0 ) and w = f (w 0 ), then by hypothesis
is a commutative diagram. From the definitions, this is the same as
By the definition of f * (X)(a ) = f (a)=a X(a), we have the commutativity of the diagram
Putting the diagram (1) on top of (2) gives the commutative diagram that asserts thatσ is a morphism. Now to prove thatτ as defined above is a morphism, let a : v → w be an arrow in Q . For each vertex w ∈ Q with f (w) = w let a w be the unique arrow of Q with f (a w ) = a and t(a w ) = w. Then a morphism τ :
for every vertex w ∈ Q with f (w) = w . This is just the diagram
also commutes. But that just means thatτ : Y → f * (X) is a morphism of representations.
Let Q ⊂ Q be a subquiver of Q satisfying the condition that whenever a ∈ Q is an arrow such that t(a ) ∈ Q, then a ∈ Q. The embedding morphism e : Q ⊂ Q is then a covering. If X is a representation of Q, then by the construction above f * (X) is defined on the vertices of Q by
and for arrows a ∈ Q by
Thus f * (X) is just X extended to Q by 0.
Injective Representations of Cyclic Quivers
Let R be a ring and f : Q → Q a morphism of quivers. Then the restriction functor
If f * is the right adjoint of f * and X is an injective representation of Q, the natural isomorphism
shows that f * (X) is an injective representation of Q . Let v ∈ Q be a vertex and consider the embedding e : {v} ⊂ Q. If E is an injective left R-module (so an injective representation of {v}) then e * (E) is an injective representation of Q. If X is a representation of Q, then e * (X) is just the module X(v). We have the natural isomorphism
From this it can be seen that as v ranges over the vertices of Q and we allow E to be any injective left R-module (or some specified cogenerator of R-Mod) then the e * (E) cogenerate (Q, R-Mod). In the next examples, recall that by Theorem 2.1, e : {v} → Q has the factorization
whereē is a covering and T ⊂ P(Q) is the subtree of paths terminating at v.
Examples Let Q =Ã 0 be the quiver with one vertex v and one arrow a. In the factorization above we see that T = A − ∞ (i.e., T is a line, infinite to the left). The embedding e : {v} ⊂ Q decomposes according to Theorem 2.1 as a composition e =ēe where e : {v} → T and e : T →Ã 0 . Let E be an injective left R-module, so a representation of v. By Example 3.1, (e ) * (E) is the constant representation on A − ∞ determined by E. But then by Theorem 4.1, e * (E) = (ē) * (e ) * (E) is such that e * (E)(v) = E × E × E × · · · and e * (E)(a) is just the shift operator, namely
This suggests we use Northcott's notation [6] and denote
and then the shift operator above is denoted by x. So
Since RÃ 0 is just the polynomial ring R[a] (or changing notation, R[x]), we recover Northcott's observation in [6] 
where the right arrow denotes the identity map and the left arrow the shift operator. In the notation above, this representation can be written
If E is an injective left R-module, then each of these is an injective representation ofÃ 1 over R. Recall from [2] that the cyclic quiverÃ n is the quiver with n + 1 vertices v 0 , . . . , v n and n + 1 arrows a i : v i → v i+1 for 0 ≤ i < n and a n :
and a an arrow ofÃ n , denote by F a (M) the representation ofÃ n over R that assigns to every vertex the restricted R-module R M and where
is injective for every arrow ofÃ n . We want to argue that if R is left noetherian and E is an injective left R-module, then for every arrow a ofÃ n the representation F a (E[x −1 ]) is also an injective representation ofÃ n over R. For this we need the next result which was observed by Matlis [5] when the f below is given by scalar multiplication. The more general version we need was noted in [3, p. 198 
We include a proof here for completeness.
Lemma 5.1 Let R be a left noetherian ring and M ⊂ E(M) the injective envelope of a left R-module M. If φ : E(M) → E(M) is an R-morphism such that φ(M) = 0, then φ is locally nilpotent on E(M), i.e., for any x ∈ E(M), φ
n (x) = 0 for some n ≥ 1.
is the identity on M⊕M⊕· · · and is therefore surjective. So if x ∈ E(M) and (x 1 , x 2 , x 3 , . . . ) is mapped onto (x, 0, 0, . . . ), it is easy to see that x 1 = x, x 2 = φ(x), x 3 = φ 2 (x), . . . . Since the envelope is a direct sum, eventually x n+1 = 0 and we get φ n (x) = 0.
Any representation X ofÃ 1 , say M 0 φ ψ M 1 , has an obvious turning endomorphism,
given by the commutative diagram
We shall denote this endomorphism by T X . For a representation X ofÃ n over R, the turning endomorphism T X : X → X is defined by Given a vertex v ∈Ã n and an R-module M, denote by C v (M) the representation defined by
is the injective envelope of M and a is the arrow with initial vertex v, then 
If M = E is an injective indecomposable R-module, this shows there is a nontrivial morphism η :
) though the two indecomposable injective representations are not isomorphic.
The Torsion Free Case
We now classify the remaining indecomposable injective representations ofÃ n . We say that the turning endomorphism T X of a representation X is locally nilpotent on X if when we view X as an RÃ n -module, the corresponding endomorphism of the module is locally nilpotent. In this case, we say that X is a torsion representation. If a representation Y has no non-trivial torsion subrepresentations, we say that Y is torsion free. Given a representation X ofÃ n over R define C(X) to be the maximal subrepresentation of X of the form Proof It is straight-forward to see that (X, Y) is a hereditary torsion theory. The theory is called stable if the injective envelope of a torsion X is torsion. But if X = 0 is torsion, then it is an essential extension of a subrepresentation of the form
The injective envelope of X is then the direct sum of the envelopes of the respective sum-
We have already noted that this representation is torsion.
The proof of Proposition 6.1 also shows the following. Proof We noted at the beginning of the previous section how the category of representations is cogenerated by objects of the form F a E [x −1 ] , each of which has the desired property. Since the property is preserved when taking products or summands, the result follows. 
